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Exercise 1. 1. Show that

wo-{( 2

is the subgroup of SLy(C) consisting of elements letting invariant the standard Hermitian
form

jaf? + 18] = 1}

(,):C*xC*=C

I Y1 _ _
, 217 +
((xz> (yz>> I

The group SUs(C) is called the complex special unitary group (of dimension two).
. Show that any finite subgroup of SLs(C) is conjugate to a subgroup of SU(C).

. Show that SU3(C) contains exactly one element of order 2.

Proof. 1. For

a b
= (0 );
we calculate

+b +b — —
(i) Gt i) = s oy e -G

= aar1y; + agxlgz + bazxay, + ngg% + ccx1y; + caxl% + dexaty, + dExng
= (a@ + ce)x17; + (ab + ed)x17y + (b@ + de)xoy; + (bb + dd)x27s

o _
= T1Y1 + T2Yo

From this calculation, it is clear that if A € SU5(C), then (Az, Ay) = (z,y) for all z,y € C2.
Setting x1 = y; = 1 and x5 = yo = 0 gives us aa + ¢¢ = |a|? + |c|? = 1 and analogously we
get |b|2 + |d|> = 1. Setting 1 = yo = 1 and 25 = y; = 0 we get ab + c¢d = 0. Using the
assumption ad — bc = 1, we multiply this with @ to get:

a = aad — abc
= (1 —ce)d +cde
=d

Analogously, we get ¢ = —b.

. Let G C SLy(C) be finite and consider C? with the standard Hermitian form (,). Define
1

<.’B,y> =TA Z(gxagy> any € (CQ-
Gl %%

Then:

e (z,y) >0 for all z,y € C?, since (a,b) > 0 for all a,b € C2.



e If (x,y) = 0, this implies that = 0. This follows since the assumption implies that
(gz,gx) = 0 for all g € G and hence gz = 0 for all g € G since (,) is a Hermitian
form. This then implies that = = 0.

e We calculate

z,y) |G| > (9. 9y) |G| > (gy,97) = (y, ).

geG g€eG

This implies that (,) is a Hermitian form. Now let A € G. Then

(hz, hy) = \GI > (gha, ghy) * =" T > (gw.g'y) = (x,y).
gea@ g'€G
Then, G C SU(C?,(,)) == {h € SLy(C) | (hx, hy) = (x,y) Vz,y € C*} and since all Her-

mitian forms are 1som0rph1c there is an isomorphism SU(C?,(,)) = SU,(C) given by
conjugation with a matrix S, which then implies that the conjugate of G is a (finite) sub-

group of SU,(C). Indeed, we can find a C-linear isomorphism S: C2 = C2 such that
(x,y) = (Sz,Sy). Then, if g € SUy(C,(,)), then SgS~! € SU(C?,(,)), by the following
calculation:

(z,y) = (S '@, 57 "y) = (98" ', 95 'y) = (SgS~ 'z, 595 'y).

« 627 =8> aB+a@B\ 1 (1 0
5 a) “\Fa-m @-152) "0 1

If we assume a matrix is of order 2, the above calculation implies that a® = @2 and hence
a = ta, implying either a € R or o € Ri. Moreover, a # 0 since the contrary would
imply |3]?> = —1, which is an obvious contradiction. If we assume that o € Ri, we see that
the term a2 — |3]? is negative, hence deriving a contradiction. Now if a € R, we see that

B =0, since aB + @B = 2a8 = 0. Moreover, we see that o = +1 since a2 — 182 = o2 =
O

3. We calculate

Exercise 2. Let X be the nodal curve given by the equation 3% = 2% + 22.

1. Find a surjective (polynomial) map A! — X.

2. Let P € X be the singular point. Show that the completed local ring (/Q\X,p of X at P is
isomorphic (as a C-algebra) to C[z,y]/(zy).

Proof. 1. We take the polynomial map
Al X
(t) = (# = 1,#(t* — 1))

2. We have an isomorphism
Ox.p = Cla,yl/(y* —° — ).

Now we note that we have the element /I + 2 =1+ 2 + Z;‘;l(fl)kﬂ#ﬁka €

C[z,y] and hence there is a factorization y? — 23 — 2% = (y — 2v/1 + z)(y + /1 + ). Now
we take the map

Clz,y] — Clz,y]
r—xvVl+x

y—=y

which induces an isomorphism

Cle,y/(v° — 2>VI+ =) = Cla,yl/(y* — 2%).



Finally, the map
Clu,v] = Clz, 4]

U—T—yY
V= T+ Y

induces an isomorphism
Clz,y]/(y* - 2*) = Clu, v]/(uv).

O

Exercise 3. Let n > 2 and let ¢ be a primitive complex root of unity of order n. Let X = A%/G,
where G = (y) 2 Z/nZ acts on A? via v.x = (x,v.y = ("ly. Let P = (0,0) € X be the singular
point. Show that R

Ox.p = Clz,y]% = Clu, v, w]/(u?® + v? + w").

Proof. A simple comparison of coordinates shows that
Clz,y]¢ = C[z", y™, xy].
We now claim that there is an isomorphism

(C[[:L'na yn’xy]] = [[x’yv Z]]/(lﬂy - Zn)

We take the surjection
: Clu,v,w] - Clz",y", zy].

It is obvious, that (uv — w™) C ker(p). We now want to show the other inclusion. Let f =
2o k>0 a;jrutviw® € ker(p). Subtracting elements of (uv — w™) from f, we may assume that
a;jr = 0 unless 0 < k < n (here we use implicitly that the ideal is closed). Then

0=p(f)= D ayua™ ™yt =37 | 37 ays |2’y

i,5,k=>0 ¥,3'20 \I(i,5")

where

I(i', ") ={(i,4, k) |ni+ k =i'nj+ k=74 a;x # 0}
Now we see that for all 7/, j7, ZI(i',j') a;jr = 0. We claim that f = 0. Indeed, if I(i’, j') # 0, then
i'—j7 =n(i—j),s0i = j modulo n. Moreover,as 0 < k<n—-1,k=4—n- {%J =5 —n- {¢J

n

is uniquely dtermined by 7', j’. Also, i = il%k,j = f%k This shows that I(¢’,j') either contains

one element or is empty. But I(¢', j’) containing one element is a contradiction to the assumption
that > ;. ;) aije = 0. This shows that I(i’,j') = 0 for all ¢/, j" and hence f = 0. Finally, the
isomorphism
Clz,y, z] = Clu, v, w]

T —u+w

Y= —u— 1w

2w
induces an isomorphism

Clz,y, 2]/ (zy — 2™) = Clu, v, w]/(u? + v* + w™).
O

Exercise 4. Let n > 2. Let G = D,, be the binary dihedral group acting on C? (as in the
lecture). Let X = C?/G and let P = (0,0) € X be the singular point. Show that

@X,P = Cﬂx,y]G >~ Clu, v, w]/(u™ ™ + uv? + w?).



Proof. The binary dihedral group acts as

r —(x r = —y
o: T:
y =y y —w
where ( is a primitive 2n-th root of unity. Now, one can verify that the set of invariant monomials
is
F = xZn 4 yQH,H — ny(.ﬁl?zn _ y2n)’I — .’,UZZ/Q.
They satisfy the relation
H2 — $2y2($4n +y4 2$2n Zn) _ IF2 _ 4In+1.
We now get isomorphisms
Ox.p = Clx,y] = Cla*" + y*", wy(a" — y"),2%y’]
()
~ C[H,I,F]/(H?* — IF? +41™"")
>~ Clu, v, w]/(u" ™ + wv? + w?).

The isomorphism (*) can either be seen by an explicit calculation as in exercise 3 or using the
fact that a surjective ringhomomorphism A — B is an isomorphism, if dim A = dim B < oo and
A is an integral domain. O

Exercise 5. Let X = {y2 =23 + xZ} C A? be the nodal curve. Let P € X be the origin. Let
BLp(A%) = {(z,y),[u:v] € A2 x P! |zv = yu} be the blowup of A? at P. Compute the strict
transform X of X inside BLp(A2).

Proof. We take the map 7: BLp(A?) — A? and take the restriction 7, to the locus where v # 0.
Then:
mo: {(@,y), [us 1] |2 = yu} — A?

and
:{xy w: 1] ’x—yuy =z +x2}
={yuy 1 ]y? =y’ + y*u’}
= —O}U{l—yu +u2}
—_—
part of X on {v£0}
We then get _
Xn{v#0}={1=yu’+u*}
and

Xn{v#0}nE={1=14?} ={0,0),[£1:1]}.
O

Exercise 6. Compute the blow-ups and the dual graphs of the Du Val singularities of type
AQ, A3 and D4.

Proof. We take the blow up
BLp(A?) = {(z,y,2), [u: v :w]|2v = yu, vw = zu, yw = zv}.
We recall the the charts:

mu: {(z,y,2), [1:v:w]|2v =y, 2w = 2,yw = zv} — A?
o {(z,y,2), [u: 1w |z = yu, 2w = z2u,yw = 2} — A3

T {(z,y,2), [u:v:1]|zv =yu,z = 2u,y = zv} — A3



We now take X1 = V(22 + % + 2%) C A and get

*1X1:{xy, Jl:w: w|x +y? +2° —Oxv—y,w—zyw—zv}

—{:L‘LE’U:EIU 1vw|x+xv—|—xw:0}
= —O}U{1+v + zw® =0}
_1X1—{xy, [u:1: w‘x +y* + 23 —Ox—yuxw—zuyw—z}

z{yuy,yw w:l: w]’yu +y —|—y3w3:0}

= —O}U{u +1—|—yw3}

_1X1:{xy, [u:v: 1|x +y + 23 —O:Cv—yugc—zuy—zv}
f{(zu,zv,z),[u.v.1|z +2%0? + 2% = 0}
={2=0}U{u?+v?+2=0}

We use the Jacobian criterion for the first chart to get the system

w? =0
2v =0
3zw? =0

which we see has no solutions, so this chart is smooth. Using the Jacobian criterion for the
second chart gives the same result. Using the Jacobian criterion for the third chart gives us

2u =0
20 =0
1 =0

which also has no solution, so this is also smooth. We now take the exceptional divisor
Ey=X,NE.

Its intersections with the first two charts are of the form {[1 : 4 : w]}, while its intersection with
the third chart is of the form {[u : &iu : 1]}. This shows there are two copies of P!, intersecting
in the point [0 : 0 : 1] and hence the Dynkin diagram is of the form

A2 o—e
We now take Xo = V(22 + y? + 2%) C A% and get
_1X2:{:£y, [1:v: w|x +y? 42 —Oxv—y,xw—zyw—zv}
= ,xv,zw), [1:v: w|:L' ) +x4w4:0}

= —0} {1+U + 2%w —0}
,1X2:{:py, [w:l:w)|2®+y? 42" = 0,2 =yu, 2w = 2u,yw = 2}

—{yuyyw u:l: w’yu +y —|—y4w4:O}

= —O}U{u + 14y w'}

*ngz{xy, [u:v: 1|a: +9% 4 24 —Ozv—yux—zuy—zv}
:{zu,zv,z),[u.v.l |zu + 220?24 —O}
= {2 =0} u{u?+0*+2*=0}

Using the Jacobian criterion on the first chart gives us

2ew* =0
2v =0
32w =0

which has no solutions. The same applies to the second chart. For the third chart, we get

2u =0
20 =
2z =0



which shows that there is a unique singular point © = v = z = 0, or in global coordinates
(0,0,0),[0 : 0 : 1]. By calculating the exceptional fibre, we get the intersection with first and
second chart {[1 : i : w]|} and the intersection with the third chart {[u : +iu : 1]}, giving us two
copies of P! as above.

We now blow this up again (for brevity, we again use the coordinates z,y, z): We blow up
the surface X3 = V(22 +y%+ 22) C A3 with exceptional divisor Ey having the coordinates z = 0
and x = +£iy.

7, (X3) = {(x,y,z),[l:v:w] |9:2+y2+22 :O,zv:y,zw:z,yw:zv}
=(z,zv,2W), |1 Vv w||x® + 7V + W =

{( ) [1 H 2 2,2 2,2 O}

= {x2 :0}U{1+v2+w2 :0}

7, (X3) = {(z,y,2),[u:1:w] ‘x2+y2—|—22 =0,z = yu, 2w = zu,yw = z}
= {(yw, y,yw), [u: 1: w] | y*u? +y* + y*w® = 0}
= {y2 :O}U{u2+1—|—w2}

1 (X3) = {(;my,z),[u:v 1] |x2+y2+z2 :0,mv:yu,x:zu,y:zv}
= {(zu,20,2),[u:v: 1] | 220 + 2%0% 4 2% = 0}
:{zQZO}U{UQ—i—vQ—i-l:O}

The Jacobian criterion gives for the first chart

2u =0
2v =0
which has no solution and the same applies to the other charts, showing that this are no singular

points. Since all three charts of X3 are symmetric, the exceptional divisor E is smooth and hence
E =~ P!, This gives us the dual graph

A3 e—e—e
Now we take X, = V(22 + 3?2 + 23) C A3 and get
_1X4:{xy, [1:v: w|ac +yPz 4+ 23 —Oxv—y7xw—zyw—zv}
:{xxvxw 1 v w};z: +zvxw+xw‘3}

= —O}U{1+wi+xw —0}

*1X4:{xy, [u:1: w|:E +y?2 423 70x7yuxwfzuwaz}

—{yuyyw u:l: w‘yu —l—yyw—|—y3w3=0}
= _O}U{u + yw + yw’}

{xy, [u:v: l}m —|—yz+z —Oxv—yux—zuy—zv}
:{(zu,zv,z),[u.v.l | 22u® + 20?2 4+ 2° = 0}
:{22:0}U{u2+1}2z+z:0}

The Jacobian criterion gives for the first chart

v2w + w? =0
2rvw =0
xv? +3zw? =0

A quick investigation shows that this has no solution. For the second chart we get

2u =20
w+w=0
y+ 3wy =0

This has three solutions {(0,0,0), (0,0,%), (0,0, —¢)}. For the third chart, we get

2u=0
20z =0
¥ +1=0



which has the solutions (0,1,0), (0,—¢,0) (in global coordinates, those are already included in
the above!). Calculating the exceptional fibre, we get an empty intersection with the first chart,
the intersection with the second chart {[0:1:w]} and the intersection with the third chart
{[0:v:1]}, giving us the exceptional divisor E = P'. Now, we blow up at the first singular
point (0,0,0)[0: 1:0]. We have X5 = V(22 + yz + y2®) and get

7, (Xs5) = {(z,y,2),[1:v: ] |332 +yz+yzd =020 =y, 2w =z,yw = zv}

= {(z,2v,2w), [l : v : w] | 2* + 2vaw + 2va’w® = 0}

= {m2 :0}U{1+Uw+x2vw3 zO}
ﬂ-_l(XS) = {($7y72)7 [u 11 ’LU] |$2 +yz +y23 =0,z = yu, 2w = zu, yw = Z}
= {(yu,y,yw), [u: 1: w] | y*u® + yyw + yy’w® = 0}
= {y2 = 0} U {u2 + w +y2w3}
7,1 (Xs5) = {(z,y,2),[u:v:1] |x2 +yz4yz2 =020 = yu,x = zu,y = zv}

= {(zu,zv,z), [u:v:1] | 22u? 4 zvz 4 2023 = O}

= {22 :0} U{u2+v+zgv}

The Jacobian criterion gives for the first chart

2zvw? =0
w + 22w =0
v+ 3wa?v =0

which has no solution. For the second chart, we get

2u =0
14+ 3w?y? =0
2yw3 0

which also has no solutions. For the third chart, we get

2u =0
1+22 =0
2zv =0

which has two singularities (0,0,4), (0,0, —4) (which do not lie in the exceptional divisor and
come from the above singularities!). We calculate the exceptional divisor: The intersection with
the first chart is {[1 : v : v] | v # 0}, the intersection with the second chart is {[u: 1 : —u?]} and
the intersection with the third chart is {[[u : —u®: 1]]}, giving us P,

Changing coordinates, we see that the other two singularities are of this form as well, giving

us the dual graph
Dy F<

Exercise 7. Prove that the singularities of type A3 (given by {z? + y* 4+ 2* = 0}) and D3 (given
by {2% + y*z + 2% = 0}) are isomorphic.

O

Proof. There is an isomorphism
Clz,y, 2] — Clz,y, 2]
T
Yyr—=z+ 1yQ
2
i+1
2

Z =

Yy
which induces an isomorphism
Cla,y, 21/ (a? + y*z + 2°) = Cla,y, 2]/ (a® + 4 + 27).

Alternatively, we can use that Dy (which is of type D3) and the group of type As are conjugated.
O



